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1. Introduction

In this document we provide a more detailed description of the model and some results

that cannot be included in the manuscript due to space limitations.

2. Methods

2.1. Oxygen distribution in the tumor and FEM solver.

The reaction-diffusion equation for oxygen distribution in a tumor voxel is (Dasu et al

2003, Mönnich et al 2011),

∂u(x, t)

∂t
= D∆u(x, t)− g(u(x, t)) (1)

In the stationary state we have:

D∆u(x, t) = g(u(x, t)) (2)
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In the above equations u(x, t) is the distribution of the oxygen concentration, D is the

diffusion coefficient of oxygen, and g is the oxygen consumption rate, which has the

following form (Michaelis-Menten kinetics):

g(u(x, t)) = gmax
u(x, t)

u(x, t) + k
grel(x, t) (3)

In the above equation, grel is a term to scale down oxygen consumption due to cell death.

We solve this equation in two spatial dimensions, as Espinoza et al (2013) showed

that the 2D problem is a good surrogate of the 3D problem. We have implemented a

Matlab-based finite element method (FEM) to solve this equation. Blood capillaries

are assumed to be cylindrical, with a heterogeneous distribution of radii. There are

experimental studies showing lognormal and exponential distributions of radii of tumor

capillaries (Konerding et al 1999, Konerding et al 2001, Tufto et al 1998). We have

implemented both options in our model: the user can control the type and parameters

of the distribution. Minimum and maximum radii limits are also imposed according

to experimental studies. Blood capillaries are randomly positioned in a given voxel

according to a vascular fraction, vf, defined as the ratio of capillary area to total area

(Espinoza et al 2013). The overlap of capillaries is explicitly avoided when generating

the geometry. A steady 40 mmHg oxygen partial pressure is associated to functional

capillaries by imposing a Dirichlet condition on the boundary of the capillaries (ΓC).

On the other hand, homogeneous Neumann conditions are applied to the flux of u at

the outer boundary of the voxel (ΓV ). Formally, we can write down our problem at a

time τ as: 
D∆u(x) = g(u(x)) ∀x ∈ Ω,

u(x) = 40 ∀x ∈ ΓC(τ),

∇u(x) = 0 ∀x ∈ ΓV (τ).

(4)

On the other hand, if the function of a capillary is destroyed by radiation at any

time, that capillary is removed from the set of Dirichlet boundary conditions, and it

does not behave as an oxygen source anymore (therefore the time dependence of ΓV in

Eq. (4)), unless its function is restored by proliferation.

The geometry is finely meshed, typically >10000 nodes for a 1 mm×1 mm pixel, and

the solver is called to obtain the oxygen distribution. Figure 1 shows a typical meshed

geometry. As triangles in the mesh have different areas, an area-weighting algorithm is

applied when calculating averaged values for the whole voxel (this applies to levels of

oxygenation and also to surviving fractions computed per node).

In Table 1 we show different distributions of capillary sizes obtained by fitting

experimental data reported by Konerding et al (1999), Konerding et al (2001), Tufto et

al (1998).
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Figure 1. Mesh of the voxel geometry.
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Figure 2. Sketch of the capillary geometry used in this work.
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Table 1. Distributions of capillary diameters in µm: type of distribution, lognormal

(LN) or exponential (EX); maximum and minimum diameters (max and min); type

of tumor (tp, lts and tc refer to tumor periphery, luminal tumor surface and tumor

center of colon cancer). We refer the reader to Konerding et al (1999), Konerding et

al (2001) and Tufto et al (1998) (K1, K2, and T, respectively) for more information

of the type of tumor. µ and σ are standard parameters of lognormal and exponential

distributions.
Tumor Distribution min max µ σ Reference

CaX LN 3 200 3.49 0.50 K1

SaS LN 6 200 3.18 0.65 K1

CaNT LN 22 200 3.20 0.49 K1

HEC-1B LN 3 42 2.85 0.35 K1

tp LN 5.6 53.5 3.13 0.36 K2

lts LN 2.2 84.5 3.12 0.45 K2

tc LN 0.9 161.9 3.87 0.77 K2

A-07 EX 5 50 4.46 - T

D-12 EX 5 60 5.58 - T

R-18 EX 5 40 4.58 - T

U-25 EX 5 60 5.12 - T

2.2. Endothelial cells and capillaries death.

We have implemented a parallel/serial model of capillary death based on the death of

endothelial cells (EC) and the definition of functional subunits (FSUs). ECs conforming

blood capillaries are assumed to die following the LQ model.

Capillaries are assumed to have the cylindrical geometry shown in Figure 2

(projected on a plane), with length L and radius R. For simplicity we assume that all

capillaries have the same length L, but radii vary according to a probability distribution,

exponential or lognormal. ECs of size dx × dy form the capillary wall. Thus, each

capillary can be represented as a matrix of size I × J , with size dependent on L, R,

dx and dy. The number of ECs is rounded, with a minimum of 1 EC: I=max(1,

round(L/dx)), J=max(1, round(2πR/dy)). A matrix describing the state of each EC

(1=alive, 0=death) is created at the beginning of the simulation. After irradiation, each

EC is randomly tagged as lethaly damaged or not damaged, according to the surving

fraction. Cells tagged as lethaly damaged are then monitored during the simulation,

and at each time step they are killed according to a probability distribution constructed

from the evolution of the surviving fraction.

The death of each EC will cause a decrease in pressure within the capillary. The

capillary will die if (and when) this pressure gets below the critical pressure, or if a

damage is clustered enough to totally deplete a FSU. Capillary FSUs are defined as

cross sections with n cells thickness. We refer the reader to our article for a detailed

description of capillary death.
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Figure 3. Sketch of calculation of pimonidazole positive areas: we assume that

pimonidazole can diffuse a certain distance from functional capillaries; cells within

that distance but which lie far enough from the capillary to have u <10 mmHg will

uptake pimonidazole and contribute to pimonidazole positive areas. Dead capillaries

will not contribute either to oxygenation or pimonidazole diffusion.

2.3. Simulation of pimonidazole positive areas.

In their article, Song et al (2015) report variations of pimonidazole positve areas pre-

irradiation, and 48h post-irradiation with 20 Gy. Pimonidazole is uptaken by hypoxic

cells, typically with u <10 mmHg. In order to obtain values of pimonidazole positive

area which our model, that can be compared with experimental values, we assume that

pimonidazole can diffuse a certain diffusion distance, dpimo, from functional vessels, and

that areas within that range with u <10 mmHg will uptake pimonidazole. The sketch

of this computation is shown in Figure 3.

2.4. Sensitivity analysis.

A global sensitivity analysis was performed to characterize the model and check how

its output is affected by changes in their parameters. We implemented Sobols method,

an established variance-based measure of sensitivity that involves sampling from input

parameter distributions and use the variance as indicator of the input parameters

importance (Sobol 1993).

Given a model involving k parameters, f(X1, X2, ..., Xk), the variance of the model,

V (f), can be decomposed in contributions from the different parameters and their

interactions. Two sets of k indices are commonly computed: first-order and total-
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order indices. First-order indices, Si, measure the contribution to the output variance

of the main effect of each parameter Xi. This quantifies the effect of varying each

parameter alone, averaged over variations in all the other input parameters. Higher-

order interaction indices (Sij, Sijk, etc) can be calculated to provide a picture of the

importance of each parameter in determining the output variance. However, since their

evaluation can be too computationally demanding, a measure known as total-order

index, ST i, is commonly used. Total-order indices measure the contribution to the

output variance of each parameter Xi, including the variance caused by its interactions,

of any order, with other input variables.

Monte Carlo based estimators of first- and total-order indices can be calculated.

For this, we have followed the implentation of Saltelli et al (2010). Two independent

sampling matrices A and B are then built with different sets of parameter values. These

matrices have aji and bji elements where i runs from 1 to k (number of parameters) and j

runs from 1 to N (number of simulations). Additional matrices Ai
B are also constructed

with all collums from A except the i-th column, which is taken from B. The sensitivity

indices can be calculated as:

Si =

1
N

∑N
j=1 f (B)j

(
f (Ai

B)j − f (A)j

)
V (f)

(5)

STi
=

1
2N

∑N
j=1

(
f (A)j − f (Ai

B)j

)2
V (f)

(6)

V (f) =
1

2N

N∑
j=1

f (A)2i + f (B)2i −

 1

2N

N∑
j=1

f (A)i + f (B)i

2

(7)

This requires to run a total of N(2k + 1) model simulations. In our model, a total

of 18 parameters were explored and N was set to 25. Parameters were sampled from a

Gaussian distribution around the best fitting parameters and with standard deviation

equal to 10% of the mean, but for parameter n (length of the FSU in the capillary death

model). In the latter case, values of n were sample from a discrete uniform probability

distribution from 1 to 3, U(1, 3). We have studied the sensitivity of the surviving fraction

5 days post-irradiation to such perturbations.

2.5. Stochastic versus deterministic simulations.

In this model, tumor cells are treated deterministically, only ECs are treated

stochastically. Subvolumes used in this model are roughly the size of a cell, therefore

the process of tumor cell death might be modeled stochastically: i.e. a random value of

1 (not damaged cell) or 0 (doomed cell) assigned to each cell according to according to

direct and indirect cell death mechanisms. However, such stochastic implementation

would require averaging an unmanageable number of runs in order to get reliable

surviving fraction SF values, especially when the SF is very small. Therefore, we

have used deterministic simulations, where we associate SF values to each node.
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Table 2. Sensitivity analysis: Sobol first- and total-order indices, and ranking of most

sensitive parameters according to their index. We refer the reader to our article for a

description of each parameter.

parameter STi rank Si rank

vf 0.1206 9 -0.0357 2

uth 0.0971 16 -0.3105 12

tH1/2 0.1219 8 -0.2998 10

αox 0.2186 2 -0.1682 6

OER 0.0717 18 -0.1657 5

td1/2 0.1292 6 -0.3376 13

µ 0.0874 17 -0.2544 9

αe 0.1656 3 -0.215 8

te 0.1322 5 -0.5040 17

n 0.1117 13 -0.3992 15

dx 0.1277 15 -0.4341 16

L 0.1174 12 -0.0551 3

λ 0.1289 7 -0.5469 18

a 0.1465 4 -0.3733 14

r0 0.39 1 0.1365 1

b 0.1177 11 -0.2095 7

PI 0.1197 10 -0.3094 11

PW 0.1037 14 -0.0916 4

3. Results.

3.1. Sensitivity analysis.

Monte Carlo based estimators of first- and total-order indices are reported in Table 2,

as well as rankings from most to least sensitive. The most sensitive parameters of the

model are: r0, αox, αe, vf , L, a, and b. This results show that the model is mostly

sensitive to parameters characterizing cell death and capillary death. The strongest

sensitivity clearly corresponds to the parameter r0, which control the loss of blood flow

associated to the death of an endothelial cell. This strong dependence is in part caused

by the functional form of that term, as the loss of blood flow depends on r30.
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