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Supplemental Information

In this supplement, we present further details of the derivation of the mathematical model

that was described in the main text and some supporting results.

S1 Cellular Metabolism

S1.1 Derivation of biological assumptions of metabolism

To account for the bidirectional effect between the microenvironment and cellular behavior,

we have developed a model of cellular metabolism that consumes nutrients from the extra-

cellular environment and produces waste products. The conversion of extracellular nutrients

into energy is a fundamental process within living cells. Cellular metabolism is accomplished

through many different pathways, is highly regulated, and is adaptable to a wide range of

conditions and signaling cues. The mechanisms involved are complex, even when considering

a single pathway such as the aerobic respiration of glucose and oxygen, and therefore many

simplifying assumptions must be made in order to build a tractable model. The metabolic

scheme chosen for this work captures a set of key features of cellular metabolism. Specifically,

the cells must consume and produce nutrients and waste products reasonably in response to

the environment and cellular needs; it must capture the Pasteur effect for hypoxic conditions;

and it must be adaptable to changing nutrient conditions.

The two primary metabolic inputs for a cell are the nutrients glucose and oxygen. Cells

metabolize these nutrients to produce adenosine triphosphate (ATP), the primary energetic

currency within a cell. There are two main mechanisms for the production of ATP from

glucose within the cell. The first is the glycolytic pathway, which converts glucose into

pyruvate. This process produces two molecules of ATP per molecule of glucose. Glycolysis

occurs in the cytoplasm of the cell and is an anaerobic process, so it does not require oxygen.

The second mechanism, occurring in the mitochondria, is the aerobic respiration pathway.

This process utilizes the pyruvate produced from glycolysis to produce up to 36 additional
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molecules of ATP and requires oxygen.

Under physiological conditions, a non-proliferating cell with unlimited nutrient availabil-

ity will use glycolysis to metabolize some of the available glucose into pyruvate, and then

use this pyruvate to feed the aerobic pathway for additional ATP production. This pathway

is the most efficient route for meeting the long-term energy demands of the cell.

If oxygen becomes scarce, the cell will temporarily increase the flux through the glycolytic

pathway to make up for the decreased ATP production from the aerobic pathway. This

rebalancing of flux, known as the Pasteur effect, is less efficient than the aerobic pathway

used under normoxic conditions, in that more molecules of glucose are needed to create the

same amount of ATP. However, when oxygen is absent, it is the only viable pathway for

energy production. If glucose is depleted, then the cell can either reduce it’s need for ATP

by becoming quiescent, or it must use alternate sources of energy such as fatty acids. In this

work, other sources of energy are not considered. Therefore, as glucose levels decrease, cells

are assumed to first become quiescent, and then die by necrosis if a minimal ATP demand

is not met by the available nutrients. Since glucose is needed for both anaerobic and aerobic

pathways, the limiting nutrient in the model is glucose, and not oxygen.

A consequence of glycolytic metabolism is increased glucose flux and acid secretion into

the microenvironment because pyruvate is converted into lactic acid, which can be pumped

into the extracellular space. Thus, under prolonged periods of hypoxia, this pathway causes

an acidification of the extracellular pH (pHe), which can have a detrimental effect on cell

survival.

The nutrients and waste products follow the reaction-diffusion equation given in Eq. S1.1

(reproduced here from the main text) with the vasculature acting as the source of the nu-

trients and the sink for waste products.

∂C

∂t
= D∇2C + f (C,p) (S1.1)

The three diffusible variables are oxygen (O), glucose (G), and extracellular pH via pro-

duction of protons (H). There are several intermediate molecules used in the derivation that
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are not modeled specifically in the final HCA. Nicotinamide adenine dinucleotide (NAD+)

and its reduced form (NADH) determine the redox state of the cell. Additionally, pyruvate

(Pyr) is an important three-carbon intermediate that is the branch point for the aerobic

and anaerobic pathways.

The important steps of glucose and oxygen metabolism are outlined below as a basis for

the metabolic model used within each cell in the simulation. Glycolysis is a series of 10

reactions that use the energy stored in glucose to produce ATP from ADP molecules. The

reactions are summarized in the following equation:

G+ 2ADP + 2Pi + 2NAD+ → 2Pyr + 2ATP + 2NADH + 2H+, (S1.2)

where Pi is a phosphate group, andH+ is a hydrogen ion, or proton. This process is anaerobic

and generates 2 molecules of ATP for each glucose molecule. In addition, 2 molecules of

pyruvate are generated, and 2 molecules of NAD+ are reduced into 2 molecules of NADH

and H+.

Once the glycolysis of a glucose molecule is complete, there are two pathways that can

be used to metabolize the pyruvate, depending on the concentration of oxygen. If oxygen

concentration is low, then the pyruvate must be metabolized into lactate (Lac) to oxidize

the NADH molecules into NAD+ for reuse in the glycolytic pathway, using the reaction

Pyr +NADH +H+ → Lac+NAD+. (S1.3)

If, on the other hand, oxygen is abundant, then the pyruvate is transported to the

mitochondria where it feeds the aerobic respiration pathway. The aerobic pathway can be

summarized by the following set of reactions:

Pyr + 4NAD+ + ADP + Pi → 4NADH + 4H+ + ATP (S1.4)

O + 2NADH +H+ + 5ADP + 5Pi → 2NAD+ + 5ATP (S1.5)
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The first reaction is the net result of the citric acid cycle. This further reduces molecules

of NAD+ into NADH and H+. The accumulated NADH from glycolysis and the citric acid

cycle is then oxidized through the oxidative phosphorylation pathway, given by Eq. S1.5.

This step requires oxygen, and delivers about 25 molecules of ATP.

Combining glycolysis, the citric acid cycle, and oxidative phosphorylation, the net equa-

tion for aerobic respiration is

G+ 5O2 + 29ADP + 29Pi → 29ATP + waste. (S1.6)

This equation assumes that none of the intermediate molecules of the metabolic chain are

diverted for other uses, such as lactate production or for the formation of cellular building

blocks. Waste products such as CO2 are also produced, but ignored here. The coefficient of

the ATP term is the net number of ATP molecules yielded from one molecule of glucose.

This value can be as high as 38 in theory, but the actual observed value is lower (between

28 and 32) due to energy lost to the metabolic process itself and leakage of intermediate

metabolic products to other cellular processes [1]. In this paper, c is chosen to be 29.

S1.2 Proton production and buffering

Cells extract energy from ATP via hydrolysis into ADP, which follows the reaction

ATP → ADP + Pi +H+ + energy. (S1.7)

Combining Eqs. S1.2, S1.3 and S1.7 gives

G→ 2Lac+ 2H+ + energy. (S1.8)

The net effect of glycolysis and subsequent ATP use is the production of two protons. In

the case where pyruvate is metabolized through the aerobic pathway, the protons created

by ATP hydrolysis are reused by the oxidative phosphorylation mechanism, resulting in no
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excess proton accumulation. There is some debate in the literature regarding the exact mech-

anism of acidification. The traditional explanation is that anaerobic metabolism of pyruvate

produces lactic acid, which dissociates into lactate and releases a proton [2]. However, more

recent work has suggested that the acidosis is a result of ATP hydrolysis, as described by

Eq. S1.7 [3]. In either case, the effect is the same; increased glycolysis that is not fully

processed by aerobic respiration will lead to increased acidity, resulting in lowered pHe.

When excess protons are produced, they will be pumped out of the cell. Therefore, if the

cell is growing in a location that is hypoxic, glucose will primarily be processed anaerobically

using Eq. S1.8. The effect will be accumulation of protons, which will be pumped out to the

extracellular space, resulting in lowered pHe.

S1.3 Nutrient consumption

Since consumption of nutrients is a dynamic process, the time derivatives of the stoichio-

metric equations are what will be used for the model. It is assumed that the ratio of NAD+

to NADH in the cell (the redox state) remains relatively constant over long time periods. In

addition, the ratio of ATP to ADP is well regulated under normal conditions. Finally, the

intermediate product pyruvate must also remain stable over time, since it is not significantly

exported from the cell. In summary, the internal metabolism within a cell is a closed system

except for the inputs of oxygen and glucose, and the output of protons and waste products.

Therefore, temporal derivatives of the intermediate terms can be set to zero.

The derivation of nutrient consumption equations was derived in the main text, but

is included here for continuity. For normal metabolism, the oxygen consumption fO is

determined by oxygen concentration, using Michaelis-Menten kinetics.

fO = −VO
O

O + kO
. (S1.9)

If oxygen levels are high, oxygen consumption will be close to −VO. Assuming that the

normal demand for ATP is satisfied when fO = −VO, this gives a target normal ATP
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production of

Ao =
29VO

5
. (S1.10)

Glucose consumption will be driven by the need to meet normal ATP demand. This is

modified by a Michaelis-Menten term to prevent high glucose consumption when glucose

concentrations become low. The normal glucose consumption is therefore given by

fG = −
(
pGAo

2
+

27fO
10

)
G

G+ kG
. (S1.11)

The actual ATP production rate is determined from the nutrient consumption rates, and

given by the equation

fA = −
(

2fG +
27fO

5

)
. (S1.12)

The rate for normal cells will always be less than the target amount due to Michaelis-Menten

asymptotics, but unless conditions are extremely nutrient deficient, the rate will be close

to the target rate and therefore cellular function will not be affected under quasi-normal

conditions.

The production of protons is linked to the amount of glycolysis that does not feed the

aerobic pathway. Most of the protons produced by anaerobic respiration of glucose are

buffered by sodium bicarbonate and other systemic buffers. The buffering mechanism has

been simplified in favor of a proportional relationship between anaerobic glucose consumption

and concentration of protons in the extracellular space. The proton production rate is given

by

fH = kH

(
29(pGVO + fO)

5

)
, (S1.13)

where kH is a parameter which accounts for proton buffering. When oxygen consumption is

maximal, net proton production is zero for the normal phenotype. When oxygen consump-

tion is zero, the unbuffered proton production is twice the rate of glucose consumption. If

the tumor cell phenotype is glycolytic (pG > 1), the excess glycolysis will contribute to some

excess proton production, regardless of oxygen concentrations.
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S2 Algorithmic Implementation

The model is simulated by first setting up the cells of the CA. Next, the PDE solver is run

until dynamic equilibrium of the diffusible molecules is reached. The simulation of tumor

progression is run by alternating the CA and PDE modules over the course of the simulation

time. Each step of the CA model will test cells for death and proliferation, adjust the

vasculature, and modify tumor cell phenotypes. Then, the PDE solver is run to calculate

the new metabolite concentrations and cellular metabolic rates until equilibrium is reached.

S2.1 Cellular proliferation

The domain of simulation is discretized into an array with grid size dx. Each grid space can

either be empty or contain a single cell type. To avoid directional bias during the run of

the CA, grid spaces are selected in random order until all spaces in the domain have been

processed. During cell division, if the cell is a normal cell, the cell will only divide to maintain

homeostatic cellular density. If the number of empty adjacent grid points is greater than

nm+noise, then the cell will proliferate into an adjacent empty space. Otherwise, it remains

quiescent. By adjusting the value of nm and the added noise, the homeostatic density of

the normal tissue can be varied. Parameter values were chosen to achieve about 80 percent

tissue density. Tumor cells do not respect this homeostatic cell density in the model. If

they have completed the cell cycle, they will simply look for available space, and proliferate

if there is at least one open grid point available. In the absence of space, they will remain

quiescent, until either space opens up adjacent to their position, or the cell dies.

S2.2 Initial and boundary conditions

The CA is first seeded with normal tissue. Normal cells are distributed randomly through

the domain with a density close to that produced by the proliferation algorithm described

in Section S2.1. Since the tissue is homeostatic, the initial condition need only be close

enough to the eventual homeostatic density, in order to minimize transient behavior. Next,
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the blood vessels are initialized using the space-packing algorithm described in Section S2.3

below. The generated vessels replace any existing normal cells. Finally, the tumor is added.

Usually a single cell is placed near the center of the domain, but larger numbers can also

be implanted. Again, since a grid point can only be occupied by one type of cell, exclusion

rules are applied. The tumor can be started with any phenotype combination of pG and βT ,

but generally the simulations are started with tumor cells that are metabolically normal,

i.e., pG = 1 and βT = 6.65.

For the diffusible molecules O, G, and H, the model is initialized with zero concentration

at the positions of all cells and empty space, and with Oo, Go, and Ho fixed at the positions

of all blood vessels. The boundary condition is initially calculated from a moving average as

follows. At the start of initialization, the boundary condition around the domain is set to

0. The PDE system is solved, and at each step of the PDE solver iteration, the boundary

condition is updated with the average value of the concentrations of the diffusible substances

across the entire domain. The solver continues until the moving averages for each molecule

stabilize, and then these stabilized values are fixed as the permanent boundary conditions

for the remainder of the simulation. This allows for the boundary values to adequately

simulate an infinite extension of the homeostatic normal tissue with the same vessel spacing

and diffusibility parameters of the tissue within the domain.

S2.3 Angiogenesis

The field of point-source blood vessels is initially seeded using a circle packing algorithm.

Given an in vivo observed average vessel spacing of σmean [4], the average number of vessels

N
V

in a field can be determined by

N
V

=
Ω1Ω2

σ2
mean

, (S2.1)

where Ω is the vector containing the dimensions of the simulation domain x.

Once the number of vessels is determined for the simulation domain, a single vessel
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is placed in the field at a random location, and then new potential vessels are generated

sequentially. Each new potential vessel location is accepted if it lies at least σmin from the

nearest vessel. By adding some positive noise to σmin, the distribution of nearest-vessel

distances can be varied. The algorithm is complete when the number of vessels in the field

reaches N
V

.

During a simulation, the field of vessels can be changed in two ways. First, angiogen-

esis can create new vessels, only in areas of hypoxia. If an area of the simulation domain

develops moderate hypoxia with O2 concentrations in the range [ζO], the model will initiate

an angiogenic response. The lower limit of hypoxia in [ζO] is used to prevent blood vessels

from forming too far from the existing vasculature, and the upper limit prevents vessels from

forming in normoxic areas. The probability of generating a new vessel in a given time step is

proportional to the size of the hypoxic zone by the scaling factor pang, which is representative

of the mass effect of multiple cells signaling for angiogenesis. Higher values of pang result in

faster angiogenic response to a hypoxic area. If a vessel is generated, then it is placed at

random within the hypoxic zone, replacing any cell present at that location. This has the

effect of providing oxygen to that area through a new point source for diffusion. On the

subsequent step, if the vessel alleviated the hypoxia, the angiogenesis will stop; if hypoxic

areas remain after the placement of the new vessel, then the angiogenesis algorithm will

continue to create vessels in the remaining areas.

S2.4 Phenotype variation and selection

Two variable phenotypes were described in the main text: the constitutively-active glycolytic

phenotype (parameter pG), and the acid-resistant phenotype (parameter βT ). When a cell in

the CA divides, the phenotypes of each daughter cell are varied by a random multiplicative

factor as follows. For the acid resistance phenotype, a random number is chosen between

(-∆H , ∆H). This number is added to one, and then the acid resistance phenotype of the

parent cell (βT ) is multiplied by this result. The same process is used for the glycolytic

phenotype, using ∆G as the phenotypic variation parameter, operating on the glycolytic
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phenotype parameter pG.

We impose an upper limit to the consumption of glucose by limiting pG to be less than

pG,max. Tumors have been observed to have a glucose consumption as much as three orders

of magnitude higher than normal, resting cells [5]. A cell with normal metabolism resting

in abundant nutrient concentrations has a glucose consumption rate of approximately fG =

Vo/5, based on the derivation in the main text. A tumor that is in high-glucose, zero-oxygen

conditions will have a glucose consumption rate of approximately fG = 29pGVo/10. With a

selection of pG,max = 50, the maximal glucose consumption rate of the tumor cell compared

to normal is limited to about three orders of magnitude. When a tumor divides, if the pG

value of the daughter cell falls above pG,max, it is replaced with pG,max. There is no need for

a lower limit on glucose consumption, as cells that shift too low will not have enough glucose

to proliferate and will eventually die.

Similarly, there is a limit to the amount of acid-resistance a cell can develop. In this work,

we choose a lower limit to the pHe in which a tumor cell can survive. The acid-resistance

parameter βT is limited by the threshold βT,min = 6.1. As with the pG parameter, if a

daughter cell is assigned a value for βT that is less than βT,min, it is replaced with βT,min.

Again, no upper limit for pH threshold is necessary, because environmental selection will

remove any cells with high acid sensitivity.

S2.5 Administration of therapies

A generic pH buffering therapy has been simulated using the model, by modifying two

parameters at the time of treatment. In order to avoid further complicating the model

with the full chemical reactions of a particular buffer and the related ions, we chose to

model the therapy as described in the main text. These parameter changes were chosen so

that the average pH within the tumor changed by approximately 0.4 pH units, as seen in

murine experiments [6]. Different values for these parameters would reflect different buffer

concentrations, to first order approximation. Buffer therapy was also simulated by altering

the proton production coefficient (kh) instead of the diffusion coefficient and similar results
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were obtained (results not shown).

A generic chemotherapeutic is administered in the model as a diffusible cytotoxic sub-

stance. The drug is pulsed through the blood vessels, from where it diffuses through the

tissue and tumor, subject to the diffusion equation S1.1. The drug is administered such that

it is present in the blood for 1 day, and then removed. This 24-hour pulse is repeated every

2 weeks with a total of 5 pulses. This regimen is representative of standard chemotherapy in

the clinic, which typically is administered in intervals of two to three weeks [7]. The diffusion

constant of chemotherapy DC was chosen to be 100 µm2/s, given that many chemothera-

peutics outweigh glucose by an order of magnitude, and therefore have a slower diffusion

constant.

S2.6 ADI solver

The PDE system is solved using an ADI scheme [8]. For a given diffusible molecule concen-

tration field Ci(x, τj) at time τj, the concentration at time τj+1 is calculated in two steps:

Ci(x, τj+0.5) = Ci,b +

(
P1(Ci(x, τj)− Ci,b) +

dτ

2
fi(x)

)
P2 (S2.2)

Ci(x, τj+1) = Ci,b + P2

(
(Ci(x, τj+0.5)− Ci,b) P1 +

dτ

2
fi(x)

)
, (S2.3)

where Ci,b is the boundary value on Ci. Matrices P1 and P2 are given by

P1 = I +
Di

2

dτ

dx2
T (S2.4)

P2 =

(
I− Di

2

dτ

dx2
T

)−1

, (S2.5)

where T is the matrix with -2 along the diagonal, and 1 along the sub- and super-diagonals,

and I is the identity matrix. Due to the irregular boundary conditions created by the point-

source vessels, a low Courant number of 0.2 was chosen in accordance with [9].

Convergence of the scheme is shown in Fig. S1. The plot shows the log of the maximum

relative change in oxygen concentration for each time step of the solver. This representative
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Figure S1: Convergence of the ADI scheme over time steps. The measure is the log of the
maximal value of ([O2]t+1 − [O2]t)/[O2]t.

metric is similar across other molecules and with different cellular configurations, and illus-

trates that the diffusion and consumption of nutrients stabilizes well within the maximal

number of time steps used in the ADI scheme. In practice, once the delta-log value goes

below 10−4 for all molecules, the ADI solver is stopped and the simulation proceeds with the

next step of the CA.

Simulations were performed on standalone iMac computer workstations using MATLAB.

Computational time for a single simulation with 5mm by 5mm dimensions for 1000 days

of tumor growth is about one hour. This could be improved with additional refinement of

the code as well as the use of parallel computation. If the simulations were expanded into

3D using the same coding algorithms, this would significantly increase the computational

requirements. The same size simulation (a 5mm edged cube) would take a week to simulate,

without parallelization. However, careful attention to algorithmic implementation could

improve these speeds.
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Figure S2: Representative simulation of normal tissue growth from a single cell (gray) and
blood vessel (white), showing three time points (t=39, 104 and 273 days). The algorithm
forms a homogeneous tissue in dynamic equilibrium. The field is about 1.3mm on each side.
The scale bar is 400 microns.

S3 Supporting results

S3.1 Normal tissue homeostasis

First, the tissue can be generated from a single normal cell and a single blood vessel point

source. Figure S2 shows three time points of a representative simulation of this growth.

The simulation begins with a single normal cell, and a single adjacent blood vessel. The

normal cell proliferates to fill the empty space. Panel (a) shows the simulation at t=39 days,

before the second blood vessel develops. As the mass of normal cells proliferates far from

the original blood vessel, it grows into and creates hypoxic areas on the edge; this leads to

angiogenesis, which allows the normal cells to grow further into the empty space (panel (b)).

The growth continues until the entire field is filled with both normal cells and vasculature,

after which the arrangement continues to exist as a homeostatic tissue in dynamic equilibrium

(panel (c)). In principle, this method could be used to generate an initial condition for the

tissue. However, it is computationally faster to initialize the tissue using the space packing

algorithms described previously.

A second example of homeostasis is recovering from a perturbation. In Fig. S3, a field of

homeostatic tissue is altered in three horizontal rectangular areas, shown in panel (a). In the

top area, the normal cell density has been increased so that the space was completely filled
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Figure S3: Three horizontal rectangular perturbations of a section of normal tissue 3 mm
on each side. The top rectangular area was filled with cells (gray) so that the density
is 100 percent. The central rectangle was altered by removing all cells (gray) and blood
vessels (white). The lower rectangle was cleared of blood vessels, but normal cells were left
intact. The first panel shows the simulation after 4 days of simulation. Some cells in the
top perturbation have died from homeostatic cell death. In the lower panel, many cells have
died due to lack of nutrients from the missing vasculature. The subsequent panels at t=24
and 105 days shows the tissue healing to a normal homeostatic state.

with cells and blood vessels, representing overgrowth. Vascular density remains normal. In

the central rectangle, all normal and vascular cells were removed. In the lower rectangle,

only the vasculature was removed, leaving the normal tissue untouched. In the panel (a),

the simulation is shown 4 days after the perturbations were initiated. A few cells have died

in the overgrown section of the top rectangle. Many cells have died in the lower rectangle,

due to the sudden removal of all the blood vessels and subsequent nutrient depletion. As can

be seen in the subsequent panels (t=24 and 105 days), the three areas heal back to the same

dynamic equilibrium of the original tissue. Measurements of vessel and tissue density within

each section and in the exterior tissue are indistinguishable across multiple simulations.

S3.2 Variability of multiple simulations

To demonstrate the consistency of the qualitative evolution of the tumor, a sampling of nine

simulations is shown in Figs. S4 (growth curves) and S5 (corresponding CA images). Param-

eters are identical across all simulations, only random seeds were changed. The tumors tend

to become invasive sometime between 1400 and 2200 days, with the majority of simulations
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Figure S4: Growth curves for nine additional simulations run with the same parameters as
in the main text, with different random seeds.

becoming fully invasive around 1700-1900 days. The CA images were chosen at the time

point where consistent invasive growth began, with time labels showing the range.

S3.3 Normal cell death rate dictates the homeostatic tumor growth

rate

The normal tissue homeostatic death rate affects the growth rate of the tumor, since a faster

death rate allows the tumor edge to grow faster. Fig. S6 shows the result from a simulation

where the normal cell death rate parameter was set to p
D

= 0.02/day, a four-fold increase

over the value used in the typical simulations. The result is a faster growing tumor during

the homeostatic growth phase (black) compare to a typical simulation with p
D

= 0.005/day

(green), and also faster overall progression to invasiveness (725 days compared to about 1800

days). Despite the increase in growth rate, the morphology and phenotypic trajectory is very
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Figure S5: CA status at the time of development of the first invasive lobe, for each simulation
in Fig. S4. The labels indicate the simulation time at which each CA image was taken. The
scale bar is 1000 microns.
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Figure S6: Simulation with parameter p
D

= 0.02/day, representing a faster normal cell
turnover rate. The tumor becomes invasive sooner than the standard simulations where
p
D

= 0.005/day, shown in green for comparison. An image of the CA at t=725 days (red
dot) is shown in inset, right when the first lobes begin to invade. The CA window is about
3mm in width.

similar to the simulations shown in Fig. S5.

S3.4 Decreasing normal cell density speeds up tumor growth and

evolution

Different types of normal tissue have different cellular densities. We have simulated the tumor

growth with varying cellular densities. Simulations presented in the paper were performed

with 80 percent normal cell homeostatic density. Fig. S7 shows a tumor grown within

a normal tissue with a homeostatic density of 40 percent. The qualitative evolutionary

dynamics still hold, but the increased extracellular space causes faster tumor growth, and

therefore faster acquisition of the invasive phenotype. The CA image is taken at 700 days.
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Figure S7: CA result for a tumor growing in a normal tissue with homeostatic 40 percent
cellular density. The image is taken at t=600 days. Scale bar is 1000 microns.

Morphology can be compared with simulations shown in Fig. S5 for 80 percent density. As

can be seen, the tumor edge is somewhat more diffuse.

If the density is reduced below 40 percent, the tumor will be able to grow through the

empty space very quickly, and therefore does not need acidity to invade. This represents a

third mode of growth described by the simulation. However, this mode of invasion requires

no phenotypic evolution or heterogeneity, and therefore is not the focus of this paper.

S3.5 Changing the phenotypic drift step size alters tumor size and

age at time of invasion

The step size of phenotypic drift affects the rate of phenotypic evolution. As an example,

Fig. S8 shows the result of a simulation using half the phenotypic drift step size (∆G = 0.025,

∆H = 0.0005) as compared to standard simulations. The evolutionary trajectory through

phenotype space is conserved. However, the tumor takes longer to reach an invasive state,

in this case developing a fully invasive lobe at approximately 3450 days, compared to the

average timeframe of 1900 days for the standard simulations shown in Fig. S5. The tumor

is also larger at the time of invasion, over 2.75 mm in diameter. Average diameter at time

of invasion for the standard simulations is approximately 1.75 mm.

19



Figure S8: CA result for a tumor growing in a normal tissue half the phenotypic drift rate
of other simulations. The image is taken at t=3450 days. Scale bar is 1000 microns.

S3.6 Vessel density and turnover rates can change the emergent

tumor phenotype and growth rate

The balance of angiogenesis and vessel degradation determines the vascular conditions within

the tumor. If the angiogenesis rate is higher than the degradation rate, then the vascular

density will remain normal within the tumor. This normal-density state can be quasi-static

if the vessel persistence is very high, since existing vessels will last for long periods and any

degradation will be quickly filled by angiogenesis. On the other hand, the vessel density can

also be dynamic if the vessel persistence is low. In this case, vessels will degrade quickly and

soon replaced by angiogenesis. This causes a situation where there is intermittent hypoxia

[10], a local effect where the loss of a blood vessel temporarily causes nutrient deficiency in

the area of the vessel; subsequent angiogenesis will relieve the nutrient deficiency. A third

case is when angiogenesis is slower than vessel degradation. Here, the tumor will have a lower

vessel density than normal tissue. Since new vessels grow near to existing vessels, a circular

tumor will have a decreasing gradient of vessel density from the rim of the tumor towards

the center. The strength of the vascular density gradient is determined by the balance of

angiogenesis and degradation. If the angiogenesis is very low, then the tumor will have very

little vascularization, and will rely on diffusion of nutrients from the vessels that are present
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Figure S9: Three simulations with varying vascular properties. The color scheme is the same
as in previous figures. All three panels are on the same scale, with the scale bar equal to
400 microns. (a) Results of a simulation with infrequent vascular turnover (νmean = 500,
pang = 1). The vessels are held fixed for the entire simulation, and the tumor took 5756
days to reach this size. (b) Results of high turnover with high angiogenesis, so that tumor
perfusion is high but unstable (νmean = 10, pang = 1). This tumor took 2721 days to
reach this state. (c) Results with moderate angiogenesis and high turnover (νmean = 20,
pang = 0.3). This tumor took 1912 days to reach this size.

in the surrounding normal tissue. The variation in vessel strength parameter will also lead

to dynamic differences on a local scale.

Figure S9 shows three different representative outcomes of tumors growing in tissues with

different vascular dynamics. In panel (a), the vasculature is quasi-fixed for the duration of

the simulation. Blood vessels degrade very slowly due to a high value of νmean = 500 and

a relatively quick angiogenic response (pang = 1). Hypoxic areas appear only rarely and are

quickly replenished by angiogenesis. This leads to a very slow growing tumor (190 µm / yr)

that is metabolically benign (green color). In panel (b), the vessel degradation is very rapid,

with νmean = 10. Angiogenesis remains high (pang = 1), so the vasculature within the tumor

is constantly turning over, causing pockets of temporal and spatial nutrient heterogeneity.

However, on average the tumor remains well-perfused, as evidenced by the normal density

of blood vessels in the field. The average growth rate of the tumor in this vascular scheme

(402 µm / yr) is over double that of the stable vascular scheme from panel (a). In addition,

the cells are phenotypically much more aggressive, due to the constant threat of intermittent

hypoxia. The tumor has just entered an acid-mediated invasive state, and its growth rate has
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increased dramatically. Panel (c) shows the results of having νmean = 20 and pang = 0.3. This

leads to slower vascular turnover than in (b), but also less angiogenesis, so that the central

section of the tumor is less perfused than normal tissue or the tumor edge, and therefore

exhibits necrosis. This is the most aggressive tumor with an average growth rate of 575 µm

/ yr. As with panel (b), it is also in an invasive state, with three invasive lobes. The model

suggests that the temporal and spatial heterogeneity of the vasculature has a profound effect

on the development of metabolically aggressive tumor cells. A stable vasculature appears

to have little selection pressure towards glycolytic or acid resistant cells, in effect because

homeostasis is maintained. Intermittent hypoxia causes micro-selection events, slowly driving

the tumors towards acid resistance and glycolysis by the cycle of death and rebirth within

local regions. When vasculature is absent for long periods, then the cells have to rapidly

adapt to these harsh conditions, leading to faster development of aggressive phenotypes. The

maximal rate of phenotypic evolution in panel (c) is approximately an order of magnitude

faster than that seen in panel (a), even though the phenotypic drift step size parameters are

equal for all three simulations. Interestingly, though both the tumors in panels (b) and (c)

are invasive, the level of necrosis is very different, with little observed necrosis in panel (b).

This could be one potential explanation for the variance in necrosis seen across tumors.

The implications of temporal vascular heterogeneity are complemented by spatial vascular

heterogeneity. Since the vasculature acts as both a source of nutrients and a sink for acid,

changes in vascular density have a double-edged effect on the growth of a tumor. A reduction

of density will cause an overall decrease in nutrient concentrations that in turn may slow

growth. At the same time, acidity in this region would be expected to increase for two

reasons: oxygen concentrations are lower, leading to increased use of glycolysis, and also acid

buffering will be diminished. To test this, we simulated the growth of a tumor with different

vascular densities in the normal tissue surrounding the tumor. Simulations suggested that

the tumor was more likely to invade into regions of lower vascular density, which is counter

to the common view that increased nutrients drive tumor growth.

To test this hypothesis, experimental results in a murine window chamber model from
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our group [11] were analyzed to compare tumor growth with vascular density in each quad-

rant of the window chamber. The experimental results were in accordance with the model

predictions, in that the quadrant of tumor with the highest growth corresponded to the

quadrant with lowest vascular density. We have taken the relative vascular densities mea-

sured in the window chamber experiments and simulated tumor growth in a representative

tissue to reproduce the qualitative results. These simulations are shown in Fig. S10. Vessel

densities in each quadrant (black curve, Fig. S10a) were scaled using the measurements from

the window chamber, relative to the value in quadrant III, which was taken to be normal.

A tumor of approximately 2.5 mm in diameter, corresponding to the size of an implanted

window chamber tumor, was placed in the center of the simulation. The tumor had a mix

of phenotypes spanning glycolytic, acid resistant, and normal phenotypes. The difference in

tumor size at day 14 compared to day 4 was calculated from the simulation (dotted curve,

Fig. S10). The same calculation was performed comparing day 24 and 4 (gray curve). Five

simulations with different random seeds were averaged. The results recapitulate the original

predictions of the model as well as the observed results from the window chamber experi-

ment, in that the highest level of tumor growth was seen in the quadrants with lowest vessel

density. The CA results for one representative simulation is shown in panel (b). The extent

of growth after 14 days (middle gray) and 24 days (light gray) are shown compared to the

size of the tumor at day 4 (darkest gray).

S3.7 Additional pH buffer therapy results

Growth curves for an untreated simulation (solid black) compared with the curves for the

same tumor treated with continuous sodium bicarbonate at different starting points are

shown in Fig. S11.
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Figure S10: Growth of a heterogeneous tumor into four regions of different vascular density.
(a) The vascular densities (black line) in four quadrants, chosen according to measurements
from a dorsal window chamber experiment [11] are plotted with corresponding tumor growth
over 10 days (dotted) and 20 days (solid gray), showing that they are anti-correlated. Results
are averaged from five randomized simulations. (b) Representative simulation showing the
extent of tumor growth at day 4 (dark gray), day 14 (medium gray) and day 24 (light gray).
Scale bar is 400 microns. A video is available on the online supplemental section (Video 5).

Figure S11: Growth curves for an untreated simulation (solid black) compared with the
curves for the same tumor treated with continuous sodium bicarbonate at different starting
points. The dashed curve shows the result of administering the buffer at a relative time of
trel=0. The solid gray curve is for starting the therapy 40 days later (trel=40 days), and the
dotted curve shows the results for starting the buffer at trel=75 days.
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