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Mathematical modeling

We characterize the state of each PC9 cell by its level of expression of two phenotypic

traits, which are important for the development of viable drug resistance: survival poten-

tial, or viability (i.e., the level of robustness towards life-threatening events in extreme

conditions, which in the present case can be identified as the level of drug tolerance) and

proliferation potential (i.e., the rate of cell proliferation). In this framework, we identify

a PC9 cell as having a low value of survival potential and a high value of proliferation

potential, a DTP cell as having a high value of survival potential and a low value of pro-

liferation potential, and a DTEP cell as having a high value of survival and proliferation

potentials. This setup also implies that at any time during drug treatment, the surviv-

ing cell population can consist of cells residing within a continuum of phenotypic states,

ranging from PC9 through to DTP, and to DTEP. As a result, the phenotypic evolution

observed in the PC9 population (and described in the introduction) can be schematized

as in Fig. 1(b).

The following strategies are used to model the biological mechanisms under consider-

ation, and are tailored to fit the I-B and the IDE formalism in the following sections:

• In order to take into account the effects of selection, we introduce a function de-

scribing the probability of proliferation and a function modeling the probability of

death, which depend on the levels of proliferative and survival potentials of the cells,

as well as the cell microenvironment.

• Stress-induced adaptation of cell proliferation potential, which occurs in the pres-
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ence of the drugs, and depends on the level of survival potential, is modeled as

an advection that leads to a decrease in the level of proliferation. The rate of this

stress-induced adaptation (i.e., the advection speed, in the language of the modeling

strategy at hand) varies according to both the survival potential of the cell, and the

concentration of drugs inside the system.

• Non-genetic instability, mediated by fluctuations in phenotype, is modeled by stochas-

tic fluctuations, or diffusion, in the levels of cell proliferation and survival potentials.

I-B model

We introduce an I-B computational model of phenotype variation which takes into account

the biological considerations discussed in the introduction. As a reference system, we

select a well-mixed population of cancer cells exposed to cytotoxic drugs. We label each

cell by an index 0 ≤ i ≤ N(t), where N(t) ≥ 0 is the size of the population at time

t ∈ [0, T ]. We characterize the phenotypic expression of cell i at time t by means of a

random variable Xi(t) : [0,∞) → [0, 1], which stands for a normalized level of survival

potential, and a random variable Yi(t) : [0,∞) → [0, 1], which models a normalized level

of proliferation potential. The concentration of cytotoxic drugs inside the system at time

t is modeled by the function c(t) ≥ 0.

I-B model algorithm

We discretize the time line with a uniform mesh spacing of ∆t, and simulate the evolution

of the cell population according to the algorithm pictured in Supplementary Fig. S1(a)–

(b).

In more detail, over the time interval between two successive time instants t and t+∆t,
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we first allow each cell i either to proliferate, undergo apoptosis or remain in a quiescent

state according to the probabilities:

p(Xi, Yi, N(t)) ∆t = probability of proliferation,

d(Xi, c(t)) ∆t = probability of death,

1−∆t [p(Xi, Yi, N(t)) + d(Xi, c(t))] = probability of remaining quiescent.

The functions p and d are the probabilities of proliferation and death, respectively, per

time unit (see below for further details). If a cell proliferates, we assume both daughter

cells inherit the parent’s trait values. This is consistent with experimental observations

in non-small cell lung cancer cell lines, which suggest that a cell’s “epigenetic memory”

can last multiple cell generations [1].

After each cell has undergone one iteration of the proliferation and death process, and

returned to the quiescent state, we then let each cell update its trait values according to

the following system of discretized Stochastic Differential Equations:



Xi(t+ ∆t) = Xi(t) + D
√

∆t W 1
i (t),︸ ︷︷ ︸

non-genetic instability

Yi(t+ ∆t) = Yi(t) + D
√

∆t W 2
i (t)︸ ︷︷ ︸

non-genetic instability

+ ∆t v(Xi(t), c(t); v̄).︸ ︷︷ ︸
stress-induced adaptation
of the proliferation level

(1)

The function v(Xi(t), c(t); v̄) takes into account the effect of stress-induced adaptation

of the level of proliferation according to the level of survival potential (see below for

further details). The parameter v̄ represents the average sensitivity of the cell proliferative

potential to stress-inducing agents. On the other hand, we model stochastic fluctuations
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in the phenotypic expression of each cell, due to non-genetic instability, using Brownian

motion. This is included in the above equations via the terms W 1
i (t) ∼ N (0, 1) and

W 2
i (t) ∼ N (0, 1), which are independent random variables for all 0 ≤ i ≤ N(t) and t ≥ 0.

The parameter D models the average rate of phenotypic fluctuations. To make sure Xi(t)

and Yi(t) take values inside [0, 1], we impose no-flux boundary conditions.

An alternative way to include the effect of stochastic variations in phenotype would

be to use a mean-reverting process, like the Ornstein-Uhlenbeck process utilized in [2] to

model gene-expression.

More about the modeling of stress-induced adaptation of cell proliferation level

For each cell i, we model the reduction in the level of proliferation due to stress-induced

adaptation as an advection in Yi(t) with velocity v(Xi(t), c(t); v̄) ≤ 0. We assume that the

function v satisfies the assumptions listed in Supplementary Table S1, in order to translate

the biological considerations into mathematical terms. In particular, since stress-induced

adaptation leads only the cells with a low level of survival potential to sacrifice their

proliferation ability to survive, we state that there exists a threshold value x∗ ∈ (0, 1]

such that

v(x, · ; v̄) = 0, ∀ x ≥ x∗.

The dependence of v on the concentration of cytotoxic drugs c(t) accounts for the fact

that the rate of stress-induced adaptation can depend on the level of stress in the cell’s

local environment. Without loss of generality, we make use of the following definition

throughout the paper:

v(x, c; v̄) := −v̄ c(t) H(x∗ − x), v̄ ≥ 0, (2)
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where H(·) is the Heaviside step function.

More about the modeling of selection

We model the action of selection through the cell-proliferation and cell-death probabilities

p(x, y,N(t)) > 0 and d(x, c(t)) > 0, where p(·, ·, ·) + d(·, ·) ≤ 1. In particular, we measure

the fitness of a cell i with phenotypic expression (Xi, Yi) in the environment characterized

by N(t) cells and a concentration c(t) of cytotoxic drugs as

Ri(x, y, t) = R(Xi(t), Yi(t), N(t), c(t)) := p(Xi(t), Yi(t), N(t))− d(Xi(t), c(t)).

Selection causes the fittest cells to become the majority in the population. In the same

way, our model should favor the selection of those cells whose phenotypic expression cor-

responds to the maximal fitness. This is guaranteed by the assumptions on the functions

p and d listed in Supplementary Table S2. In particular, we assume that in both the pres-

ence and the absence of drug therapy, the fittest cells will be the ones characterized by

the highest level of proliferation potential. On the other hand, since it has been observed

that resistant cancer cell populations typically grow more slowly than sensitive ones [3,4],

we assume that maintaining a high survival potential in a drug-free environment is costly

to a cell, and thus the probability of proliferation is a decreasing function of the level of

survival potential.

IDE model

Now we use the insight gained from the I-B model, presented in the previous section, to

define an IDE model that includes the same phenomena and biological considerations. For

consistency with the I-B model, we assume that the well-mixed cell population under study
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is structured by two non-negative real variable: x ∈ [0, 1], which models the normalized

level of survival potential of the cells; and y ∈ [0, 1], which stands for the normalized level

of cell proliferative potential. The population density of cancer cells is modeled by the

function n(x, y, t) ≥ 0, and the global population density at time t ∈ [0, T ] is computed

as

%(t) =

∫ 1

0

∫ 1

0

n(x, y, t) dxdy.

The density of cytotoxic drugs inside the system at time t is described by the function

c(t) ≥ 0.

Using the same biological considerations and assumptions outlined above, we describe

the time evolution of the cell population density n by means of the equation

∂n

∂t
(x, y, t) +

∂

∂y

(
v(x, c(t); v̄)n(x, y, t)

)
︸ ︷︷ ︸

stress-induced adaptation
of the proliferation level

= R(x, y, t)n(x, y, t)︸ ︷︷ ︸
natural selection

+ β ∆n(x, y, t),︸ ︷︷ ︸
non-genetic instability

(3)

where:

• The Laplacian term represents the effect of non-genetic instability, which is mediated

by fluctuations in phenotype that occur at an average rate β. As long as β is equal

to D2/2, a link between the solution of the IDE model and the outcome of the I-B

model can be established (at least formally) through the Feynman-Kac formula [5].

Therefore, we set β = D2/2 throughout the paper, so that the two models provide

an equivalent description of the cell dynamics under study.

• The advection term models the effect of stress-induced adaptation of cell prolifera-

tive potential. The extent to which cells adapt their phenotypes depends on their

survival potentials and the drug concentration. This is highlighted in the biolog-
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ical considerations and mathematical assumptions summarized in Supplementary

Table S1, which lead us to use the definition (2) for the velocity v(x, c(t); v̄).

• The function R(x, y, t) models the fitness of cancer cells with phenotypic expression

(x, y) at time t. It embodies the effect of selection, and it is defined as

R(x, y, t) = R(x, y, %(t), c(t)) := p(x, y, %(t))− d(x, c(t)). (4)

The functions %(t) and c(t) characterize the cell micro-environment at time t. Hence,

the dependence of the functional R on %(t) and c(t) mimics the action that the

surrounding environment exerts on the cell fitness at the time instant t.

• The function p(x, y, %(t)) ≥ 0 models the proliferation probability of cells expressing

the survival potential level x and the proliferative potential level y, when the global

population density of cells at time t is %(t). The function d(x, c(t)) ≥ 0 denotes

the death probability of cells with survival potential level x, in the presence of a

concentration c(t) of cytotoxic drugs. In analogy with the I-B model, the functions

p and d satisfy the assumptions summarized in Supplementary Table S2.

I-B model extension: stem-like DTPs

As we mentioned in the introduction of our paper, Sharma and co-workers [6] showed that

the DTPs display stem-like surface markers, which are absent on the DTEPs. Therefore,

it is reasonable to assume that the DTPs have some stem-like characteristics.

In particular, stem cells have the potential to generate more stem cells, as well as

differentiated daughter cells [7]. In fact, they are capable of both symmetric cell divisions,

where a dividing stem cell can produce either only stem-cell daughters (self-renewal) or
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only differentiated daughters; or asymmetric cell divisions, where a dividing stem cell

produces one stem-cell daughter and one differentiated daughter. Under steady-state

conditions, it is generally thought that stem cells divide asymmetrically. However, when

a population of stem cells is subjected to chemotherapy, they have the ability to switch

to a symmetric mode of division, in order to regenerate depleted stem-cell pools [7, 8].

Motivated by these considerations, now we extend the I-B model to incorporate some

possible stem-like characteristics of the DTP cells. We keep the birth and death process

unchanged from the original I-B model, as shown in Supplementary Fig. S1(a). However,

instead of allowing the DTPs to update at each time step, we consider them to be stem-like

so that they do not change their phenotype, unless they proliferate. If a DTP undergoes

proliferation, with probability p1, neither daughter cell of a DTP can update (symmetric

self-renewal); with probability p2, one daughter cell can update (asymmetric self-renewal);

with probability p3, both daughter cells can update (symmetric differentiation). The

update mechanism of the PC9s and DTEPs remain unchanged. This new algorithm is

pictured in Supplementary Fig. S1(c)–(d).

IDE model with genetic mutations

To investigate whether selection and genetic mutations could result in the evolution of

phenotype outlined in [6], we define an IDE model of phenotype evolution, where selection

and genetic mutations are driving cell dynamics. We describe the time evolution of the

cell population density n, in the presence of selection and genetic mutations, by means of
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the following equation:

∂n

∂t
(x, y, t) =

[
(1− α)p(x, y, %(t))− d(x, c(t))

]
n(x, y, t)︸ ︷︷ ︸

selection

+ α

∫ 1

0

∫ 1

0

p(x′, y′, %(t))M(x, y|x′, y′;σ)n(x′, y′, t)dx′dy′.︸ ︷︷ ︸
genetic

mutations

(5)

The same notations of the original IDE model hold, and functions p and d satisfy the same

assumptions, which are outlined in Supplementary Tables S1–S2. We have removed the

advection term (which represents non-genetic adaptation) and the Laplacian term (which

represents non-genetic changes in phenotype), and we have introduced a new term to

model the effects of genetic mutations. The kernel M(x, y|x′, y′;σ) models the probability

that the mutation of a cell with survival potential x′ and proliferative potential y′ leads to a

daughter cell with survival potential x and proliferative potential y. Since cell proliferation

is required for a genetic change in the traits to take place, the kernel M(x, y|x′, y′;σ) is

multiplied by p(x′, y′, %(t)). The parameter α ≤ 1 denotes the proportion of cell divisions

with mutations, while the parameter 0 < σ � 1 measures the average size of changes

induced by genetic mutations. Without loss of generality, we make use of the following

definition:

M(x, y|x′, y′;σ) := CMe
− (x−x′)2

σ e−
(y−y′)2

σ , (6)

where CM is a normalization constant such that

∫ 1

0

∫ 1

0

M(x, y|·, ·; ·)dxdy = 1.
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Details of the numerical results

Setup for numerical simulations

Numerical simulations are performed in Matlab. We select a uniform grid consisting of

400× 400 points on the square [0, 1.5]× [0, 1.5] as the computational domain. We use the

square [0, 1.5] × [0, 1.5] instead of the square [0, 1] × [0, 1] to highlight how the obtained

results are not affected by boundary effects. We choose the interval [0, T ] as the time

domain (time steps ∆t = 0.06 for the I-B model and dt = 0.1 for the IDE model).

In general, we consider the case of constant infusion of cytotoxic drugs (i.e., c(t) :=

c > 0). Furthermore, we make use of the following conventions to identify PC9s, DTPs

and DTEPs: PC9 cells are characterized by survival potential in [0, 0.5] and proliferation

potential in [0, 1]; DTPs are characterized by survival potential in (0.5, 1] and proliferation

potential in [0, 0.3]; DTEP cells are characterized by survival potential in (0.5, 1] and

proliferation potential in (0.3, 1].

We use a second-order finite difference upwind scheme combined with an implicit-

explicit finite difference scheme to numerically solve Eq. (3) with zero Neumann boundary

conditions and the initial conditions given hereafter:

n(x, y, 0) = (1− λ)n1(x, y) + λn2(x, y), (7)

where

n1(x, y) := C1 exp

(
−(x− 0.2)2

2(0.01)2

)
exp

(
−(y − 0.8)2

2(0.01)2

)
1(0.15;0.25)(x)1(0.75;0.85)(y),
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and

n2(x, y) := C2 exp

(
−(x− 0.9)2

2(0.01)2

)
exp

(
−(y − 0.1)2

2(0.01)2

)
1(0.85;0.95)(x)1(0.05;0.15)(y).

We choose C1 and C2 such that %(0) is equal to the long-time asymptotic value of %(t).

When λ = 0, this initial condition represents the case when there are only PC9

cells present in the initial population. Whereas, when 0 < λ � 1, this initial condition

represents the case when there is a small fraction λ of DTPs, but mostly PC9 cells present

in the initial population.

To simulate the equivalent conditions in the I-B model, we set all of the initial N0

cells to have initial trait values (Xi(0),Yi(0)), which are distributed normally around

(0.2, 0.8) with standard deviation 0.01. Alternatively, we set (1−λ)N0 cells to have initial

trait values (Xi(0),Yi(0)), which are distributed normally around (0.2, 0.8) with standard

deviation 0.01, while the other λN0 cells are normally distributed around (0.9, 0.1) with

standard deviation 0.01.

Definitions of the model functions

In both the I-B and IDE models, we use linear functions to model the cell-proliferation

probability p(x, y, %(t)) and the cell-death probability d(x, c(t)). This is consistent with

the method of measuring selection via multiple regression adapted from ecology outlined

in [9]. We also performed preliminary simulations using quadratic and exponential func-

tions of x and y, that satisfy the assumptions listed in Table S2, and we achieved the

same qualitative results about cell dynamics.
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Specifically, in the IDE model, we use the following definitions:

p(x, y, %(t)) := (a1 + a2y + a3(1− x)) (1− %(t)/K), (8)

d(x, c) := c (b1 + b2(1− x)) + b3, (9)

where K(1 − b3/(a1 + a2 + a3)) is the carrying capacity of the system in the absence of

drugs. Analogously, we introduce the following definitions in the I-B model:

p(x, y,N(t)) := (a1 + a2y + a3(1− x)) (1−N(t)/K), (10)

d(x, c) := c (b1 + b2(1− x)) + b3. (11)

Notice that the functions listed above satisfy the conditions outlined in Supplementary

Tables S1–S2. For x > 1 and y > 1, the functions p and d are reflected across the lines

x = 1 and y = 1, so that the fitness function is maximized at (x, y) = (1, 1) and mass is

preserved.

The parameters we use in Equations (8)–(11) are constrained by the following two

conditions:

∫ 1

0

∫ 1

0

(a1 + a2y + a3(1− x)) dxdy = 0.18 ⇒ 2a1 + a2 + a3 = 0.36,∫ 1

0

∫ 1

0

(b1 + b2(1− x)) dxdy = 0.8 ⇒ 2b1 + b2 = 1.6.

The first condition requires the average cell-proliferation probability, in the absence of

cytotoxic drugs, to be equal to the probability of proliferation for malignant tumor cells

according to experimental evidence [10]. While, the second condition requires the average

probability of death, due to the effect of cytotoxic drugs, to be equal to the probability
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of death for malignant tumor cells, due to chemotherapy, according to experimental evi-

dence [11]. The values of the parameters b3, β, v̄, λ and K are selected case by case with

exploratory aim.

Notice that the function p(x, y, ·) is maximized when (x, y) = (0, 1). Furthermore,

d(x, ·) is minimized when x = 1. Accordingly, the fitness function will always attain its

maximum value at y = 1. However, the value of x which maximizes the fitness function

will be dependent on the concentration of drugs c. When c = 0, the fitness function attains

its maximum in x = 0 (since the probability of proliferation is maximized). However, the

fitness function can attain its maximum in x = 1 if c is large enough (since the probability

of death is minimized).

Values of the parameters

Fig. 2: (a)–(d): T = 1000, λ = 0.05, D2 = 10−5, β = D2/2, c = 0.24, K = 1.5× 105,

v̄ = 0, (a1, a2, a3) = (0.03, 0.25, 0.05) and (b1, b2, b3) = (0.15, 1.3, 0); (e)–(j): T = 1000, λ =

0.05, D2 = 10−5, β = D2/2, c = 0.24, K = 0.5× 105, v̄ = 0, (a1, a2, a3) = (0.03, 0.25, 0.05)

and (b1, b2, b3) = (0.15, 1.3, 0).

Fig. 3: (a)–(b) λ = 0, v̄ = 12× 10−3, β = 0, 5× 10−6, 2.5× 10−5; (c)–(d) λ = 0.02, v̄ = 0,

β = 0, 2.5×10−5. In all cases, c = 0.3, T = 1000, K = 105, (a1, a2, a3) = (0.03, 0.25, 0.05),

(b1, b2, b3) = (0.15, 1.3, 0) and x∗ = 0.8.

Fig. 4: (a): T = 300, λ = 0.05, c = 0.55, v̄ = 0 and the time at which drug infu-

sion is switched off is t = 40; (b): T = 1500, λ = 0, c = 0.15, v̄ = 0.07 and the time at

which drug infusion is switched off is t = 150. In both cases, β = 10−4, K = 0.5× 105,

x∗ = 0.8, (a1, a2, a3) = (0.03, 0.25, 0.05) and (b1, b2, b3) = (0.15, 1.3, 0.02).
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Fig. 5:(a)–(b) β = 5× 10−6, λ = 0, v̄ = 12× 10−3, c = 0.3, 0.08; (c)–(d) β = 2.5× 10−5,

λ = 0.02, v̄ = 0, c = 0.3, 0.1. In all cases, T = 1000, K = 105, (a1, a2, a3) = (0.03, 0.25, 0.05),

(b,b2, b3) = (0.15, 1.3, 0), and x∗ = 0.8.

Fig. 6: (a) v̄ = 0 and β = 5× 10−6, 10−5, 2.5× 10−5; (b) β = 0.5 × 10−5 and v̄ = 0,5 ×

10−2, 10−2 ; (c) β = 0.2 × 10−5 and v̄ = 0, 5 × 10−2, 10−2. In all cases, c = 0.1,

λ = 0.02, T = 1000, K = 105, (a1, a2, a3) = (0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0)

and x∗ = 0.8.

Fig. 7: c = 0.3, λ = 0, v̄ = 0.3, T = 80, D = 10−3/2, K = 105, x∗ = 0.8, (a1, a2, a3) =

(0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0.005), p1 = 0.2, 0.4, 0.6, p2 = 1− p1, p3 = 0 and

N0 = 4.4× 104. Numerical results are averaged over 20 simulations.

Supplementary Fig. S2: K = 0.5× 105, σ = 10−4, α = 5 × 10−2, 10−3, 5 × 10−4,

β = 5 × 10−4, (a1, a2, a3) = (0.03, 0.25, 0.05) and (b1, b2, b3) = (0.15, 1.3, 0). (a)–(b)

T = 2000, λ = 0, c = 3, v̄ = 0.01, x∗ = 0.8, (c)–(d) T = 5000, λ = 0.05, c = 3, v̄ = 0.

Supplementary Fig. S3: (a)–(d) c = 0.3; (e)–(h) c = 0.1; (a), (b), (e), (f) λ = 0, v̄ =

12×10−3; (c), (d), (g), (h) λ = 0.02, v̄ = 0. In all cases, T = 1000, K = 105, (a1, a2, a3) =

(0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0), x∗ = 0.8 and β = 0, 5× 10−6, 10−5, 2.5× 10−5

(except (e)–(f) do not include the case β = 0).

Supplementary Fig. S4: (a)–(d) c = 0.3; (e)–(h) c = 0.1; (a), (b), (e), (f) λ = 0,

v̄ = 0, 5 × 10−3, 10−2; (c), (d), (g), (h) λ = 0.02; (c), (d) v̄ = 0, 5 × 10−3, 10−2, 2 × 10−2;
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(g), (h)v̄ = 0, 5 × 10−3, 10−2. In all cases, β = 0.5 × 10−5, T = 1000, K = 105,

(a1, a2, a3) = (0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0) and x∗ = 0.8.

Supplementary Fig. S5: (a)–(b) T = 2000, λ = 0, D2 = 2× 10−5, c = 0.15, K = 0.5× 105,

v̄ = 12× 10−3, (a1, a2, a3) = (0.03, 0.25, 0.05) and (b1, b2, b3) = (0.15, 1.3, 0). (c)–(d)

T = 500, λ = 0, D2 = 2× 10−5, β = D2/2, c = 0, K = 0.5× 105, v̄ = 0, (a1, a2, a3) =

(0.03, 0.25, 0.05) and (b1, b2, b3) = (0.15, 1.3, 0).

Supplementary Fig. S6: (a)–(b): T = 1500, λ = 0, c = 0.05, 0.15, v̄ = 0.07 and

the time at which drug infusion is switched off is t = 150; (c)–(d) T = 300, λ = 0.05,

c = 0.09, 0.55, v̄ = 0 and the time at which drug infusion is switched off is t = 40.

In all cases, β = 10−4, K = 0.5× 105, x∗ = 0.8, (a1, a2, a3) = (0.03, 0.25, 0.05) and

(b1, b2, b3) = (0.15, 1.3, 0.02).

Supplementary Fig. S7: (a),(b),(e),(f) c = 0.15; (c),(d),(g),(h) c = 0.3; (a)–(d)

λ = 0.05, v̄ = 0; (e)–(h) λ = 0, v̄ = 0.3, x∗ = 0.8. In all cases, T = 80, D = 10−3/2,

K = 105, (a1, a2, a3) = (0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0.005), p1 = 0.2, 0.4, 0.6,

p2 = 1− p1, p3 = 0 and N0 = 4.4× 104.

Supplementary Movie. S1: c = 0.3, λ = 0.05, v̄ = 0, x∗ = 0.8, T = 1000, D2 = 2× 10−5,

K = 0.5× 105, (a1, a2, a3) = (0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0) andN0 = 0.5× 105.

Supplementary Movie. S2–S3: c = 0.15, λ = 0, v̄ = 0.012, x∗ = 0.8, T = 2000,

D2 = 2× 10−5, K = 0.5× 105, (a1, a2, a3) = (0.03, 0.25, 0.05), (b1, b2, b3) = (0.15, 1.3, 0)

and N0 = 0.5× 105.
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Supplementary Tables

Table S1. Stress-induced adaptation of cell proliferation level. Biological
considerations relating to stress-induced adaptation of cell proliferation levels with the
corresponding mathematical assumptions.

Biological considerations Mathematical assumptions

In the presence of the stress exerted by the
drugs, cells are led to reduce their prolifer-
ation activity in order to reallocate energy
to elementary tasks oriented towards sur-
vival.

v(x, c; v̄) ≤ 0, v(·, 0; v̄) = 0

A higher concentration of drugs will ex-
ert more stress on the cell population, and
will thus increase the rate of stress-induced
adaptation.

∂cv(·, c; v̄) ≤ 0

Only cells that are not robust enough
will need to reallocate their energy
from proliferation-oriented tasks towards
survival-oriented tasks.

∃ x∗ ∈ (0, 1] s.t. v(x, · ; v̄) = 0, ∀x ≥ x∗
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Table S2. Selection. Biological considerations relating to selection with the
corresponding mathematical assumptions.

Biological considerations Mathematical assumptions

Proliferation

Maintaining a high survival potential in a drug-free
environment is costly to a cell.

∂xp(x, ·, ·) ≤ 0

A cell with a high value of proliferation potential will
proliferate more often than a cell with a lower value.

∂yp(·, y, ·) ≥ 0

A larger cell population will coincide with a reduction
in cell proliferation, due to an increasing shortage in
free space and available nutrients.

∂%p(·, ·, %) ≤ 0

Death

Cells with a high survival potential are less sensitive
to drug therapy than their less robust counterparts,
and will die less often.

∂xd(x, ·) ≤ 0

The probability of death will increase as the concen-
tration of drugs increases.

∂cd(·, c) > 0
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Supplementary Figures
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Figure S1. Algorithm of the I-B model and extended I-B model with stem-like
DTPs. (a) In the I-B model, over the interval between two successive time instants t
and t+ ∆t, each cell i will first either choose to proliferate, undergo apoptosis, or remain
in a quiescent state with probabilities p(Xi, Yi, N(t))∆t, d(Xi, c(t))∆t and
1−∆t [p(Xi, Yi, N(t)) + d(Xi, c(t))], respectively. After a cell has undergone one
iteration of the proliferation and death process, it will to return to a quiescent state. (b)
Secondly, each surviving cell will update its phenotype according to Eqs. (1). In the
extended I-B model, we keep the birth and death process unchanged from the original
I-B model, as shown in (a). However, (c) instead of allowing the DTPs to update at
each time step, we consider them to be stem-like so that they do not change their
phenotype, unless they proliferate. (d) If a DTP undergoes proliferation, then with
probability p1, both its daughter cells will not update their phenotype, with probability
p2, one daughter cell will update its phenotype according to Eqs. (1), and with
probability p3, both daughter cells will update their phenotype according to Eqs. (1).
Cells that have updated their trait values are colored gray.
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Figure S2. In the absence of non-genetic adaptation and in the presence of
genetic mutations, the transient emergence of DTPs cannot occur if there are no
DTPs present initially. Here, we illustrate the effect of the rate of genetic mutations
(i.e., the parameter α) on (a), (c) the trajectories of the mean phenotypic expression
and (b), (d) the corresponding global population density as a function of time, when
there are (a)–(b) no DTPs present initially, (c)–(d) PC9s and DTPs present initially.
Solid lines represent numerical results from the genetic mutations IDE model (see
Supplementary Equation (5)), while dashed-dot lines represent numerical results from
the epigenetic IDE model (see Supplementary Equation (3)). Details of the functions
and parameters used are provided in the previous section.
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Figure S3. Non-genetic instability is crucial for the emergence of DTEPs. When
non-genetic instability of phenotype is not allowed, and the drug dose is high, the
population becomes extinct and the DTEPs do not emerge. When there are no DTPs in
the initial population, the DTPs also fail to emerge in the absence of non-genetic
instability. Here, we illustrate the effect of the rate of phenotypic fluctuations (i.e., the
parameter β) on (a), (c), (e), (g) the trajectory of the population mean trait levels, and
(b), (d), (f), (h) the corresponding global population density, as a function of time,
when there are (a), (b), (e), (f) only PC9s present in the initial population and
stress-induced adaptation is present, or (c), (d), (g), (h) 98% PC9s and 2% DTPs
present in the initial population and stress-induced adaptation is absent. (a)–(d) High
dose of cytotoxic drugs. (e)–(h) Low dose of cytotoxic drugs. Note that in panels (a)
and (g), the trajectories corresponding to the case β = 0 terminate in the region
corresponding to the PC9 phenotype. In panel (c), the trajectory corresponding to the
case β = 0 terminates in the region corresponding to the DTP phenotype. Details of the
functions and parameters used are provided in the previous section.
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Figure S4. In the low drug-dose regime, the emergence of a meta-stable
subpopulation of DTP cells requires the presence of stress-induced adaptation,
non-genetic instability in phenotype, and the proper interplay between them. Here,
we illustrate the effect of the sensitivity to stress-inducing agents (i.e., the parameter v̄)
on the (a), (c), (e), (g) trajectories of the population mean trait levels, and (b), (d), (f),
(h) the corresponding total cell densities, as a function of time, when there are (a), (b),
(e), (f) only PC9s present in the initial population, or (c), (d), (g), (h) 98% PC9s and
2% DTPs present in the initial population. (a)–(d) High dose of cytotoxic drugs. (e)–(h)
Low dose of cytotoxic drugs. Details of the functions and parameters used are provided
in the previous section.
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Figure S5. Individual cell behavior can be different from the population-level
dynamics and the PC9 population becomes more heterogeneous when they are left
to evolve in the absence of drug treatment. (a) Trajectories of the phenotypic
expression of six individual cells (solid lines) and the mean phenotypic expression of the
cell population (dashed line), and (b) the corresponding global population density, as a
function of time. Triangles indicate the initial phenotype of individual cells, while the
asterisks indicate the last phenotype expressed by the cells before death. (a)–(b)
Numerical results come from one simulation of the I-B model. Cell distribution over the
(c) survival potential and (d) proliferation potential, at two different times t = 0, T .
(c)–(d) Solid lines are the numerical results from the IDE model, while the broken lines
are from the I-B model. Details of the functions and parameters used are provided in
the previous section.
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Figure S6. Mathematical models recover the drug resensitization of DTPs and
DTEPs following drug washout. After exposure for a period of time to a high
drug-dose therapy, so that either (a) DTEPs or (b) DTPs are left as the dominant
subpopulation, and following subsequent drug washout, both models predict that the
surviving cells return to the PC9 state. Drug resensitization also occurs after drug
washout following low-dose drug therapy. (a)-(c) Trajectories of the mean phenotypic
expression, and (b)–(d) the corresponding global population density, as a function of
time. Here, solid lines are the numerical results from the IDE model during drug
exposure, while the broken lines are from the IDE model after drug washout. Black lines
indicate high-dose drug therapy, while gray lines indicate low-dose drug therapy. Details
of the functions and parameters used are provided in the previous section.
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Figure S7. Stem-like characteristics of DTPs stabilize the transiently dominant
subpopulation of DTPs for longer when the drug dose is sufficiently high, and
when the population survives drug exposure. When there are (a)–(d) a few DTPs
present in the initial population or (e)–(h) no DTPs present in the initial population, a
larger probability of self-renewal (i.e., the parameter p1) increases the time taken for the
emergence of the DTEPs from the DTPs. Subsequently, a higher probability of
self-renewal corresponds to a larger and more stable subpopulation of DTPs in the
surviving population, after the DTEPs emerge. Here, we illustrate the effect of the DTP
self-renewal probability on (a), (c), (e), (g) the trajectories of the mean phenotypic
expression and (b), (d), (f), (h) the corresponding number of PC9s (solid lines), DTPs
(dotted lines) and DTEPs (dash-dot lines) as a function of time, for (a)–(b) a low dose
of cytotoxic drugs, (c)–(f) a high dose of cytotoxic drugs and (g)–(h) an even higher
dose of cytotoxic drugs. Numerical results come from the extended I-B model and are
averaged over 20 simulations. Details of the functions and parameters used are provided
in the previous section.
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