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SUPPLEMENTARY MATERIAL 
 
Details of Computational Procedures.  The algorithm flowchart is summarized in 

Supplemental Figure 1.  The model equations are complex high-order nonlinear partial 

differential equations that require sophisticated numerical methods to avoid severe time-step 

restrictions for numerical stability, to accurately resolve phenomena on various spatial scales, 

and to solve the equations accurately. We employed a simplified algorithm based on the one 

developed by Wise et al. (2008) [22].  One key simplification was to use a nonlinear multigrid 

(not multilevel) method implemented on a simple structured uniform Cartesian mesh.  This 

provides satisfactory resolution of the simulation results for the purposes of the present paper.   

 

The model uses a Cahn-Hilliard formulation of phase separations to describe volume fractions  

(based on the work for general ternary Cahn-Hilliard systems by Kim et al. [33]). For simplicity, 

we assume that the domain is rectangular, and that it can be overlain with a regular, uniform 

mesh. Dependent variables, except for the velocity, are spatially discretized by defining them 

only at the center of each cell in the mesh (i.e., cell-centered approximation).  Velocity is 

approximated at the cell edges (i.e., velocity components are not defined on the same points). For 

calculating the advection term in Eq. (1) (Quick-Guide), where φ is cell-centered and u is the 

edge-centered velocity, we use the fifth-order WENO reconstruction method [34], with the 

simple upwind flux. The resulting system of nonlinear equations is solved using a nonlinear 

multigrid method [33]. Multigrid methods (either linear or nonlinear) are theoretically of optimal 

order; i.e., the complexity of the methods increases proportional only to the number of unknowns 

[35]. The algorithm used is based on the Red-Black Gauss-Seidel (GS-RB) relaxation scheme 

[35].  We discretize in time using a Crank-Nicholson-type approximation [36].  The algorithm is 
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fully implicit in time, meaning that there is no theoretical time step-size limitation for numerical 

stability, either for the advection or the diffusion parts [36]. 

 

 

SUPPLEMENTAL FIGURE LEGEND 

Supplemental Figure 1.  Algorithm Flowchart.  Refer to Quick-Guide for equations.  We 

solved Eq. (3) for the local levels of cell substrates σ (and an analogous equation for local levels 

of drug concentration d) and estimated corresponding values for the mitosis and apoptosis 

parameters λM and λA, at each time step of simulation of tumor growth and drug response. The 

parameters were input into Eq. (2) and (1) to numerically calculate φV using the computational 

procedure described above.  This local tumor mass fraction was integrated over the tumor 

volume as V( )
d

V T
Vφ∫  (where V is the tumor spheroid volume) to obtain total cell viability at each 

drug concentration, thus enabling prediction of tumor regression in 3-D tissue at time T = 96 

hours.   

 

 


